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Random Walk

Discrete Random Walk

. b 1
@ X iid random variables 41 with probability 5

So = X
Sivt = Si+Xi
S,' + 1
2
/
© One Step Random Walk Dynamic S;
;
2
A\
S —1

Arash Fahim Real Options



Random Walk

Properties

@ Independent Increments X;

© Markov Property (Knowing S;, the path after i is
independent of the path until /)

P[S;=k|S1, 8] =P[S; = k|Sj1]

Q E[S]=0andE[S?] =
Q Martingale:

E[Sj|S]| =Si j>i
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Visualization
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Random Walk

Brownian Motion

| Nt
Qo WtN E= ﬁ >~ Sj converges to some stochastic process
=1
Wi
@ Each W) inherit the same properties as S; and so the limit
Wi

© By centeral limit theorem:

W; ~ gaussian(0, t)
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Random Walk

Properties

@ Independent Increments A, W; = W, — W,

© Markov Property (Knowing W;, the path after t is
independet of the path until )

P[Wse AIW,;0<u<t]=P[Ws e AW
Q@ E[W]=0andE [W?] =t
O Martingale:
E[Ws|W]=W;; s>t

@ Nor regular niether of bounded variation but continuous
pathes
so dW; do not have classical sense
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Visualization

Arash Fahi Real Options



Random Walk

Visualization

Arash Fahim Real Options



Random Walk

Visualization

Arash Fahim Real Options



SDE: Diffusion

Table Of Contents

9 Stochastic Differential Equations: Diffusion

Arash Fahim Real Options



SDE: Diffusion

@ W Brownian Motion
Q dX; = b(t, X;)dt
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SDE: Diffusion

@ W Brownian Motion
Q dX; = b(t, X;)dt-+o(t, X;)dW,
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SDE: Diffusion

@ W Brownian Motion
Q dX; = b(t, X;)dt+o(t, X;)dW; Problem: Irregular Pathes

Arash Fahim Real Options



SDE: Diffusion

@ W Brownian Motion
Q dX; = b(t, X;)dt+o(t, X;)dW; Problem: Irregular Pathes
Q X; = Xo + [y b(s, Xs)ds
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SDE: Diffusion

@ W Brownian Motion
Q dX; = b(t, X;)dt+o(t, X;)dW; Problem: Irregular Pathes
Q Xi = Xo + [l b(s, Xs)ds+ [ o(s, Xs)dWs
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SDE: Diffusion

@ W Brownian Motion
Q dX; = b(t, X;)dt+o(t, X;)dW; Problem: Irregular Pathes

Q Xi=Xo + [; b(s, Xs)ds+ [, o(s, Xs)dWs Problem: Of
Infinite Variations
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SDE: Diffusion

@ W Brownian Motion
Q dX; = b(t, X;)dt+o(t, X;)dW; Problem: Irregular Pathes

Q Xi=Xo + [; b(s, Xs)ds+ [, o(s, Xs)dWs Problem: Of
Infinite Variations

© Tto Integral: Based on Starting Point of the interval
Q Z o(ti, Xi)(W;,, — W;) converge to some stochastic

process
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SDE: Diffusion

@ W Brownian Motion
Q dX; = b(t, X;)dt+o(t, X;)dW; Problem: Irregular Pathes

Q Xi=Xo + [; b(s, Xs)ds+ [, o(s, Xs)dWs Problem: Of
Infinite Variations

© Tto Integral: Based on Starting Point of the interval
Q Z o(ti, Xi)(W;,, — W;) converge to some stochastic

process

t
/ O'(S, Xs)dWs
0
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SDE: Diffusion

Properties

© Tto Integral is Martingale
[(fo 5, Xs)dWs ) ] E | [ o(s, Xs)ds

@ Tto formula (Chain Rule): V two times continuously
differential and Y; = V/(t, X;)

ay; = Vt(t, X[)dt+ Vx(t, Xt)dXt

— <Vt(t7 Xi) + V(t, Xe)b(t, Xt) ) o
Vi (t, Xo)o(t, Xp)dW;
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SDE: Diffusion

Properties

© Tto Integral is Martingale
[(fo 5, Xs)dWs ) ] E | [ o(s, Xs)ds

@ Tto formula (Chain Rule): V two times continuously
differential and Y; = V/(t, X;)

’
dy; = Vi(t, Xp)dt + vx(t,x,)dxt+§vxx(t,x,)(;?(t,x,)dt

— <Vt(t7 Xi) + Vi(t, Xe)b(t, Xt) ) o
Vi (t, Xp)o(t, Xp) dW;
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SDE: Diffusion

Properties

© Tto Integral is Martingale
[(fo 5, Xs)dWs ) ] E | [ o(s, Xs)ds

@ Tto formula (Chain Rule): V two times continuously
differential and Y; = V/(t, X;)
1
dy; = Vi(t, Xp)dt + vx(t,x,)dxt+§vxx(t,x,)(;?(t,x,)dt

1
= <V1(t, Xi) + Vi(t, Xi)b(t, Xi) + > Vix (1, Xp)o?(t, X{)) dt

+ Vi (t, Xp)o(t, Xi)dW;
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SDE: Diffusion

Corresponding PDE

@ In addition, V solution of

1
Vt+VXb+ évxx(fz = f
v(T,) = U()

0 Y= V(t, X) = UX7)+ [ f(s, Xs)ds+ Vi(t, Xe)o(t, X)W,
@ Feynman-Kac V(t,x) =E [ftT f(s, Xs)ds + U(XT)| Xt = x}
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Price Models

B-S Model

@ Black, Scholes and Merton(1973)
@ r =Interest rate (For simplicity r = 0), x = return rate and
o =volatility

dS; = Si(pdt + odW;) Geometric Brownian Motion
e S = SoeXp{(u — %02) t—I—aWt} >0

WW
3 ,M\‘H
L
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Price Models

Binomial Tree Model

@ S9< Sy <SYand 89 < K < S

SY SY—K
p p
/ /
(] So Co
1-p 1—p
N\ N\
&Y 0

@ Price of a europian call option; Cy; is a number between
SY—Kand0; o(SY - K)with0 < o < 1.

Sp—89
Su_gd

@ Using the replicating portfolio: o =
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Risk Neutral
Pricing PDE for B-S
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Risk Neutral
Pricing PDE for B-S

Change of Probability: Binomial Tree

@ Qis a new probability:
Co=EQ[(S1 —K)"]=a(SY—K)+ (1 —a)0
@ Mericle: Sy = EQ[S]
@ Sis a martingle with respect to Q.
@ For multiperiod model: Cy, Cy,---,Cn = (ST — K)*
® C;=EQ[(Sr - K)*|Xq, -, Xi] = ER[(St — K)*|X]

Arash Fahim Real Options



Risk Neutral
Pricing PDE for B-S

Change of Probability: Black-Scholes

@ P Probability of W;

@ There exists a probability s.t. S; is a martingale under the
probability Q

o Wi=W;+ Etis a new Brownian motion under Q
@ dS; = S;dW; (ito integral is a martingale)
@ Price of a call option C; = EQ [(ST — K)*|Ws;0 < s < {]
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Risk Neutral
Pricing PDE for B-S

Pricing with PDE Method

(*] Ct = V(l‘7 St)
@ By ito formula and the martingle probability:

V-R+de—>IR{
o2V
22 A _
oV + 08882 Sas rv 0
V(T,S) = (S—-K)*
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Stochastic Control 1: Stochastic Controlled Processes

Controlled Diffusion

@ Controlled State Process:
ax = b(t, X, uy)dt + o (t, X, ut)dW;
@ Control: u; some Stochastic Process

@ Optimization Problem: U a concave function (Utility)
For Example: U(x) = —e™

.
supE [/ f(s, X4, us)ds + U (X7)
u, 0
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Stochastic Control 1: Stochastic Controlled Processes

Example: Portofolio Management Problem

@ Self-Financing Portfolio:Risky Asset S; B-S Model +
Nonrisky Asset S% = 1

@ Wealth Process : dX! = 0; (\dt + cdW;)
(0 := Amount of money invested on risky asset)

@ Control Problem: Maximization of the utility of wealth
process

—oxp (—aX0)] = —exp (—x — 2 (T -
sn;pIE[ exp( VXT)} = exp( vX 202(T t)>
@ Optimal fis § = %
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Stochastic Control 1: Stochastic Controlled Processes

Dynamic Programing Principle

@ Value Function
V(t, x) :=supE {ftT f(s, Xd, us)ds + U (X¥) | XY = X]
u.

@ Stopping Time 7 >t

V(t,x) = sup E [/ f(s, Xy, us)ds + V (r, X“)]

I<S<‘r
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Stochastic Control 1: Stochastic Controlled Processes

Example: Portofolio Management Problem

@ Value Function V(t,x) := supE [—exp (—X%) | X! = X]
u.
@ Stopping Time 7 > ¢

V(t,x)= sup E[V(r,X)]

Us;t<s<t
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Stochastic Control 1: Stochastic Controlled Processes

Hamilton-Jacobi-Belman Equations

o ito:
E[V (7, XY)] = V(t,x) + E [/ <Vt + bVy + %02 VXX> (s,Xg’)ds]
t
@ By DPP,

t

Us;t<s<t

@ 7 =t+ h,dividing by } and h — 0:

1
Vt ar sup {bVX I 202VXX} =0
u
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Stochastic Control 1: Stochastic Controlled Processes

Example: Portofolio Management Problem

@ H-J-B Equation:

Vi + S%p {QAVS I %9202 Vss} =0

v(T,-) = U()
(]
Vt+0§§z3 =0
v(T,:) = U()
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Stochastic Control 2: Optimal Stopping Time
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Stochastic Control 2: Optimal Stopping Time

Discrete Case, Finite Horizon

@ Xi,---, Xy State Process
@ Control: = Stopping Time
@ Optimization Problem: U a concave function (Utility)

7—1
> ueo)
i=1

sup E
7 Stopping Time
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Stochastic Control 2: Optimal Stopping Time

Bachward Induction

@ t = N the gain(cost) is Sy := U (Xp)
@ t= N —1,if we stop the gain(cost) is U (Xy_1). If we
continue the value of future gain is fy_1 + E [Sy| Xn_1]

Sn_1 = max{U(Xn_1), fu_1 + E [Sn| Xn_1]}

© t =, if we stop the gain(cost) is U (X;). If we continue the
value of future gain is f; + E [S; 1| Xi]

Si = max{U(Xi), fi + E[Si1]X]}

Q=15 —supE[Tff;JrU(XT)}

i=1
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Stochastic Control 2: Optimal Stopping Time

Optimal Stopping and Dynamic Programing,
Upgrading to Infinite Horizone

@ Markovian Case, S; = V(X))
V(x)=  sup [Zf +U(X) | X = x]
7 Stopping Time

@ V(x) > U(x). Equality Occures when we it is optimal to

stop.
@ 7" = the first time / such that V(X;) = U(X))
@ Stopping region in the state space; {x|V(x) = U(x)}

S hevix) rx,-] }
j=i
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Stochastic Control 2: Optimal Stopping Time

Continuous Case

@ State Process: dX; = b(X;)dt + o(Xi)dW;
@ Control: 7 Stopping Time
@ Optimization Problem: U a concave function (Utility)

sup E [/OT f(Xs)ds + U (X:)

7 Stopping Time
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Stochastic Control 2: Optimal Stopping Time

Optimal Stopping and Dynamic Programing

@ Value Function
V(x) _supIE[fo (Xs)ds+ U( T)|X0:x]

@ V(x) > U(x). The equality occures when it is optimal to
stop.

o 7" =the first time t that V(X;) = U(X})
@ if 7 < 7" then

V(x) = E [ /0 " H(Xs)ds + V (X)X,
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Stochastic Control 2: Optimal Stopping Time

Basic Equation and Free Boundary Problem

o if 7 < 7* then

V(x) = E [/0 F(Xs)ds + V (X,) | X,

b(x)Vx+%02(x)Vxx = f(x)

@ Free Boundary V(x) = U(x)
@ Smooth passage from free boundary
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Stochastic Control 2: Optimal Stopping Time

Example: American Put Option

@ Risky Asset S; B-S Model

@ American Put Option: Option to sell risky asset at price K
at any time 7

@ Contigent Claim: (K — S;)*
@ Optimization Problem:

V(s) =supE [(K — S;)" |Sy = s] = Not Closed Form

@ Optimal 7* is the first time t that the price of American Put
V(St)is equal to (K — S;) "
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Stochastic Control 2: Optimal Stopping Time

Example: Dynamic Programing and Basic Equation

@ if 7 < 7* then

V(s) =E[V(X7)|S/]
@ By ito:

1
usVs + 502 s°Ves = Olnfinite Horizone

@ Free Boundary V(s) = (K — s)"
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